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Book Embedding

■ Introduced in 1979 by Bernhart and Keinen [BK79] 

■ Book Embedding: Given undirected graph 𝐺 = 𝑉, 𝐸 :
– Linear ordering, 𝜋, of vertices into spine
– Disjoint partition of edges into sets so that each set can 

be embedded into page

■ Pages join together to form book and book thickness is the 
minimum number of pages in any book embedding of 𝐺

■ Applications in VLSI design, parallel process scheduling, 
others

Image from Wikipedia



Directed Graphs and Partitioned 
Problem
■ Upward book embedding [HP97, HPT99]: Given directed 

DAG, embed the DAG such that the ordering on the spine is 
in topological order
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Directed Graphs and Partitioned 
Problem
■ Upward book embedding [HP97, HPT99]: Given directed 

DAG, embed the DAG such that the ordering on the spine is 
in topological order

■ Upward partitioned book embedding (Upward): Given 
partition of edges into 𝑘 pages (𝑘 disjoint sets of edges), 
linearly order vertices on spine

■ Upward matching-partitioned book embedding (Matching): 
Edge partitions form a matching



Results: Old and New (All Partitioned)

Type 𝒌 = 𝟏 𝒌 = 𝟐 𝒌 = 𝟑 𝒌 ≥ 𝟒
Undirected 𝑂 𝑛

[BK79]
𝑂 𝑛
[HN14]

NP-complete
[ALN15]

NP-complete
[ALN15]

Upward 𝑂 𝑛
[HP99]

OPEN NP-complete
[Theorem 1]

NP-complete
[Theorem 1]

Matching 𝑂 𝑛
[HP99]

𝑂 𝑛
[Theorem 3]

OPEN NP-complete
[Theorem 2]



Connections to Origami
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Figure 1-1: NEW map.

1.1 Map Folding Basics

1.1.1 m⇥ n Map Folding Basics

An unfolded m⇥ n map has two rows and n columns of cells. The creases either lie

along one of the m � 1 evenly spaced horizontal lines or along one of n � 1 evenly

spaced vertical lines. There are n(m � 1) horizontal creases, and (n � 1)m vertical

creases. By possible inversion of all crease directions (which preserves foldability),

assume that the upper leftmost horizontal crease is a valley.

NSEW vertex labels. By Maekawa’s Theorem [5], every vertex must have one

mountain and three valleys or vice versa. We can therefore label each vertex by the

unique crease direction that is di↵erent from the other three, one of north, south, east,

or west. This labeling was introduced by Justin [6]. Fig. 1-1 shows the 2 ⇥ 4 map

corresponding to the sequence NEW. There are 22(n+m�3)+(n�2)(m�2) possible vertex

assignments for an m⇥ n map. This follows from assigning the vertices sequentially

row by row. After the first row and column have been assigned, each subsequent

vertex has only two possibilities.

Folded state. A flat folded state of a map is a total order of the cells that induces

no crossings and respects the mountain/valley labels.

For consistency, view the top-left cell as having a fixed position; this also fixes the

orientation of all cells (imagine attaching coordinate axes to each cell). The cells can

8

■ 𝑘 page Matching motivated by map folding problem

■ Map folding problem: Given an 𝑚	×	𝑛 grid pattern with 
specified mountains and valleys, find a flat folded 
state

■ Reduces to Matching



Connections to Origami

■ 𝑘 page Matching motivated by map folding problem

■ Map folding problem: Given an 𝑚	×	𝑛 grid pattern with 
specified mountains and valleys, find a flat folded 
state

■ Reduces to Matching

■ 1	×	𝑛 → 2 page Matching (linear time) and 2	×	𝑛 → 3 
page Matching 

■ 2	×	𝑛 map folding currently has complicated 𝑂 𝑛6
algorithm

■ Open Question: Can we get a better algorithm for 2	×	𝑛
map folding via reduction to 3 page Matching?
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not drawn explicitly, but conceptually it lies between the two walls. The blue bars in

figure Fig. 2-1 connect the two walls of each separate tunnel component1; their value

in checking the non-intersection condition is explained in the next paragraph. Fig. 2-2

shows how the paths of these two lines are a↵ected by the four atomic components of

a top-edge view: W, E, S, and N folds. These patterns are easily verified with folds of

a 2⇥ 2 piece of paper. In Fig. 2-2, the walls are drawn left-to-right; rotate the figures

180� if the path is right-to-left (e.g., after the N fold in the middle part of Fig. 2-1).

Figure 2-1: A valid folded state (left) and corresponding top-edge view (middle) for
the sequence NEW, and an invalid top-edge view (right) for the same sequence.

The construction of a top-edge view for a given crease pattern is nontrivial. For

example, the right side of Fig. 2-1 displays an invalid top-edge view for NEW; the red

bar highlights the walls of the fold that induce self-intersection. When proceeding

left-to-right through a given vertex sequence (e.g., NEW), there are multiple possible

choices for each turn. Two possibilities for NEW are shown in Fig. 2-1. However, not

all of the possible outcomes are valid. For example, the top-edge view in the right

1Hence there are four blue lines since there are four horizontal centerline creases in NEW.

Figure 2-2: The top-edge view representation of west, east, south, and north vertices.
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3 page Upward is NP-complete

■ Reduction from NP-complete problem BETWEENNESS

■ Betweenness: 
– Given 𝐿 variables and 𝐶 clauses where 𝑎, 𝑏, 𝑐 is a clause
– Find total ordering 𝜙 such that 𝜙 𝑎 < 𝜙 𝑏 < 𝜙 𝑐 or 𝜙 𝑐 < 𝜙 𝑏 < 𝜙(𝑎) is 

true for all clauses

■ Given instance (𝐿, 𝐶) of betweenness construct instance of 3 page Matching (𝐺, 𝑃)
where 𝑃 = 𝑅𝐸𝐷, 𝐵𝐿𝑈𝐸, 𝐺𝑅𝐸𝐸𝑁

■ A solution 𝜋 to (𝐺, 𝑃) corresponds with a solution 𝜙 to (𝐿, 𝐶)
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Fig. 6: Example of a full construction of a reduction. Here, the instance of Be-

tweenness is (L,C) where L = {a, b, c, d} and C = {ha, b, ci, hb, c, di, hd, b, ai}.

Full construction of 𝐺, 𝑃 from (𝐿, 𝐶)
where 𝐿 = 𝑎, 𝑏, 𝑐, 𝑑 and 

𝐶 = {⟨𝑑, 𝑏, 𝑎⟩, ⟨𝑏, 𝑐, 𝑑⟩, ⟨𝑎, 𝑏, 𝑐⟩}



Ordered Triple Gadgets –
used to represent clauses
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Order preserving gadgets –
used to represent ordering 
of variables

Full construction of 𝐺, 𝑃 from (𝐿, 𝐶)
where 𝐿 = 𝑎, 𝑏, 𝑐, 𝑑 and 

𝐶 = {⟨𝑑, 𝑏, 𝑎⟩, ⟨𝑏, 𝑐, 𝑑⟩, ⟨𝑎, 𝑏, 𝑐⟩}
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tweenness is (L,C) where L = {a, b, c, d} and C = {ha, b, ci, hb, c, di, hd, b, ai}.

Ordering 𝜙 = [𝑎, 𝑏, 𝑐, 𝑑]

Full construction of 𝐺, 𝑃 from (𝐿, 𝐶)
where 𝐿 = 𝑎, 𝑏, 𝑐, 𝑑 and 

𝐶 = {⟨𝑑, 𝑏, 𝑎⟩, ⟨𝑏, 𝑐, 𝑑⟩, ⟨𝑎, 𝑏, 𝑐⟩}



Ordered Triple Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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and for even j (right). The red edges from a0i, b

0
i and c0i from the ordered triple

gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.
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b always stays between a and c
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and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
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gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
i and c0i from the ordered triple

gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).
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Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
i and c0i from the ordered triple

gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).
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Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
i and c0i from the ordered triple

gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).

Blue edges go from even index j to odd index j - 1



Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
i and c0i from the ordered triple

gadget lead to a00i , b
00
i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).

Green edges go from even index j to odd index j + 1



Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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Fig. 1: Ordered triple gadget (left) and order preserving gadget for odd i (center)
and for even j (right). The red edges from a0i, b

0
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i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).
Valid embedding of order preserving gadget



Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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i , and c00i in the order preserving gadget. The red edge from
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an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).
Red edges from ordered triple gadget ensures valid ordering 
of variables in clauses



Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).
Red edges from ordered triple gadget ensures valid ordering 
of variables in clauses and corresponding vertices in the 
order preserving gadget



Order Preserving Gadgets

Definition 2 (Ordered Triple Gadget). Let (L,C) be an instance of Be-

tweenness. Order the set C arbitrarily. For the
�
i+1
2

�
-th ordered triple ha, b, ci,

where i is an odd integer between and including 1 and 2m � 1, construct nodes
li, ↵i, !i, a

0
i, b

0
i, c

0
i, and hi. Then, create directed edges (li,↵i), (li,!i) 2 Red,

(↵i, a
0
i), (↵, b

0
i), (!i, b

0
i), (!i, c

0
i) 2 Blue, and (a0i, hi), (b0i, hi), (c0i, hi) 2 Green.

Refer to Fig. 1 for an example construction. Nodes a0i, b
0
i and c0i are respec-

tively connected to a00i , b
00
i and c00i by an edge in Red (where a00i , b

00
i , and c00i are

part of the order preserving gadget defined in Def. 3). The topologically earliest
and latest nodes in the gadget are respectively li and hi. The choice between
⇡(a0i) < ⇡(b0i) < ⇡(c0i) and ⇡(a0i) > ⇡(b0i) > ⇡(c0i) (and hence the choice be-
tween ⇡(ai) < ⇡(bi) < ⇡(ci) and ⇡(ai) > ⇡(bi) > ⇡(ci)) is encoded in the choice
between ⇡(↵i) < ⇡(!i) and ⇡(↵i) > ⇡(!i) as we prove in Lemmas 1 and 2.
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and for even j (right). The red edges from a0i, b
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i , and c00i in the order preserving gadget. The red edge from

hi directs to ri.
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Fig. 2: The two possible embeddings of the ordered triple gadget.

an instance of Betweenness, (L,C), the constructed graph (G,P ) as defined
in our reduction in Section 3.2 is a positive instance of UPBE-k if and only
if (L,C) is a positive instance of Betweenness. The topological order of G
ensures that the conditions in Lemmas 1, 2, 3 and Corollary 1 are always met.
By these lemmas, if (G,P ) admits a valid ordering ⇡, the ordering of a copy of
element vertices corresponds to a valid ordering � of the Betweenness instance
(L,C).

We now show that if (L,C) admits a valid ordering �, we can obtain a valid
ordering ⇡ for (G,P ). Refer to Figure 6. We order all element vertices of even
indices using the same order of �. For even j, set min{⇡(xj)} = j�2

2 (n + 1)

and ⇡(rj) = j
2 (n + 1) � 1. Set ⇡(s) = (m � 1)(n + 1) + 1. We now embed the

vertices with odd indices i starting from 2m�1 to 1. We embed all the vertices of
the i-th ordered triple gadget before the corresponding order preserving gadget.
All element vertices should occur in the reverse order of �. Embed the ordered
triple gadget as in Figure 2 so that the order of a0j , b

0
j and c0j is the same as a, b

and c in �. Embed the order preserving gadget as shown in Figure 7 where a
dashed arrow to x00

i represents a path whose vertices appear subsequently in ⇡
right before x00

i . The paths from ri must be realized so that they are parallel
appearing from bottom to top (using the orientation of Figure 7) in the same
order that its corresponding element vertex appear in ⇡. Hence, no paths pairwise
cross. A red and a green edge is used to “go through” each x00

i that occur before
the path’s endpoint. Such an embedding allows the alternating red/green paths
to be realized so that no crossing occur with the three red edges coming from
the ordered triple gadget. By construction, ⇡ is set so that no two edges of the
same color between element vertices and vertices in ordered triple gadgets of the
same index cross. Furthermore, the blue (resp. green, resp. red) edges connecting
element vertices of di↵erent indices will be all nested and will not pairwise cross
(see Figure 6) since all ordered triple gadgets are satisfied by the ordering of the
odd order preserving gadgets (which are all ordered the same and are the reverse
order of all even order preserving gadgets). ut

ri dicibiai c00ia00
i b00i

Fig. 7: An embedding of the order preserving gadget shown in Fig. 1 (center).

Order of 𝑎M, 𝑏M, 𝑐M, 𝑑M in 𝜋 represent valid ordering of 𝑎, 𝑏, 𝑐, 𝑑 in ϕ
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Fig. 3: Gadgets for the reduction to UMPBE-4.

the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.

ri dicibiaid⇤ia⇤
ic⇤ib⇤i

Fig. 4: Embedding the order preserving gadget in Figure 3 (center).

Notice that the order preserving gadget now contains a binary tree and we
cannot chose arbitrarily the order of vertices x⇤

j for x 2 L. We call this tree the
binary order preversing tree that ensures that ⇡(xi) > ⇡(ri) and ⇡(xj) < ⇡(rj)
for all x 2 L for odd i and even j. The tree is obtained by ordering the vertices
x⇤
j arbitrarily and building a binary tree that alternates between green/blue

Ordered triple gadget
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the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.

ri dicibiaid⇤ia⇤
ic⇤ib⇤i

Fig. 4: Embedding the order preserving gadget in Figure 3 (center).

Notice that the order preserving gadget now contains a binary tree and we
cannot chose arbitrarily the order of vertices x⇤

j for x 2 L. We call this tree the
binary order preversing tree that ensures that ⇡(xi) > ⇡(ri) and ⇡(xj) < ⇡(rj)
for all x 2 L for odd i and even j. The tree is obtained by ordering the vertices
x⇤
j arbitrarily and building a binary tree that alternates between green/blue

Ordered triple gadget Odd index order preserving gadget
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the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.

ri dicibiaid⇤ia⇤
ic⇤ib⇤i

Fig. 4: Embedding the order preserving gadget in Figure 3 (center).

Notice that the order preserving gadget now contains a binary tree and we
cannot chose arbitrarily the order of vertices x⇤

j for x 2 L. We call this tree the
binary order preversing tree that ensures that ⇡(xi) > ⇡(ri) and ⇡(xj) < ⇡(rj)
for all x 2 L for odd i and even j. The tree is obtained by ordering the vertices
x⇤
j arbitrarily and building a binary tree that alternates between green/blue
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the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.
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ic⇤ib⇤i

Fig. 4: Embedding the order preserving gadget in Figure 3 (center).

Notice that the order preserving gadget now contains a binary tree and we
cannot chose arbitrarily the order of vertices x⇤

j for x 2 L. We call this tree the
binary order preversing tree that ensures that ⇡(xi) > ⇡(ri) and ⇡(xj) < ⇡(rj)
for all x 2 L for odd i and even j. The tree is obtained by ordering the vertices
x⇤
j arbitrarily and building a binary tree that alternates between green/blue
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the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.
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Fig. 4: Embedding the order preserving gadget in Figure 3 (center).

Notice that the order preserving gadget now contains a binary tree and we
cannot chose arbitrarily the order of vertices x⇤

j for x 2 L. We call this tree the
binary order preversing tree that ensures that ⇡(xi) > ⇡(ri) and ⇡(xj) < ⇡(rj)
for all x 2 L for odd i and even j. The tree is obtained by ordering the vertices
x⇤
j arbitrarily and building a binary tree that alternates between green/blue

Dashed red lines represent paths of alternating colors of length 𝑛
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the partitions in P = {Red, Blue, Green, Yellow} as colors. The gadgets adapted
from Section 3.1 are shown in Figure 3.

For odd i in {1, . . . , 2m�1} we connect gadgets with yellow edges (hi, ri) and
(ri�1, li) (if i > 1), and with the red edge (ri+1, li) (if i < 2m � 1). Lemmas 1
holds for the new gadget replacing x00

i by xi. We omit its proof due to the
similarity. The dashed arrows in Figure 3 represent paths of alternating colors
as described in the next paragraph. Lemma 3 also trivially holds. Therefore,
given a valid order ⇡ of vertices of G, the order of element vertices corresponds
to a solution � of the Betweenness instance.

It remains to show that, given a solution � of the Betweenness instance,
we can obtain a solution ⇡ for the produced instance. The order in which the
gadgets are embedded are the same as in the proof of Theorem 1 and, therefore,
no edge between gadgets cross. We now show that each gadget has a cross-free
embedding using �. The embedding of the ordered triple gadget is very similar to
that shown in Figure 2 and we chose ⇡(↵i) > ⇡(!i) or ⇡(↵i) < ⇡(!i) depending
on whether a appears before c or vice-versa in �. In the order preserving gadget,
we use the same order (resp., reverse order) of � for even (resp., odd) j.
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Notice that the order preserving gadget now contains a binary tree and we
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■ Linear time algorithm for 2 page Matching by reducing to 1D origami or single vertex 
flat foldability 

For both the case of the path and the cycle, we create an instance of 1D
origami and single vertex flat foldability, respectively, in the following way. For
each edge e 2 E we create a mountain crease if e 2 Red and a valley crease
if e 2 Blue. Each face of the produced instance represents a vertex in G. The
reduction will thus produce an instance where each face of the origami has the
same length, which can be viewed as a linkage formed by identical bars. If G
is a path (resp., cycle), the output will be a list (resp., circular list) containing
the assignment of the creases on a line segment (resp., a single vertex origami).
Start with one endpoint of the path or with an arbitrary vertex of the cycle.
Traverse the undirected version of G using BFS. For each edge traversed add
mountain (resp., valley) to the end of the list if the traversed edge corresponds
to an edge in E1 with the same direction of the traversal or to an edge in E2

in the opposite direction (resp., corresponds to an edge in E2 with the same
direction of the traversal or to an edge in E1 in the opposite direction). Since
every edge is traversed once, the size of the list is n � 1 (resp., n if a cycle).
Thus, the only di↵erence between single vertex crease patterns and 1D origami
is that the faces form a cycle as opposed to a line segment, respectively.

Due to the similarity of the reduction models for paths and cycles, it su�ces
to show the equivalence between instances when G is a path. As previously
stated, each face of the paper corresponds to a vertex inG. Each crease represents
an edge in G and whether the crease is a mountain fold or a valley fold in the
final state of the origami determines the partition of the edges of G into Red

or Blue edges. If we consider the starting vertex as the leftmost face of the
unfolded paper and that f1 is not flipped in the folded state, a mountain fold
puts the adjacent face f2 below f1. Without loss of generality, the edge in G
that represents the connection between f1 and f2 is in E2 and points from f2
to f1. By repeating the argument for every edge, we conclude that G represents
the above/below relation of faces of the folded state of the 1D origami and E1

(resp., E2) represents the creases that lie right (resp., left) of the folded state
(see Figure 5). Then, it is easy to verify that the origami is flat-foldable i↵
(G, {E1, E2}) is a positive instance of UMPBE. ut

M V VV M

f1 fn

f1

fn

f1

fn

Fig. 5: A 1D origami crease pattern is shown (left) with mountain/valley labeled
as M/V respectively, together with its folded state (center) and the corresponding
UMPBE-2 instance (right).

1D Origami Crease Pattern and Folding DAG producing crease pattern


